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The classification problem for strongly regular graphs for which the parameters 
are related by the equation ). - # = - 1 is still completely open. Restricting atten- 
tion to those examples which are simultaneously Cayley graphs based on an abelian 
group (which are equivalent to abelian partial difference sets with 2 -p  = -1 ) ,  we 
obtain the following classification result: any such graph is--up to complementa- 
tion---either of Paley type (i.e., it has parameters (v, (v - 1 )/2, (v - 5)/4, (v - 1 )/4)) 
or it has parameters (243, 22, 1, 2). The proof of this theorem combines recent 
results on the structure of partial difference sets with some results concerning 
diophantine quations. Our theorem has interesting applications to the theory 
of divisible difference sets, since it allows us to improve previous classification 
results concerning abalian DDS's satisfying k - 21 = 1 and reversible abelian DDS's. 
© 1994 Academic Press, Inc. 
1. INTRODUCTION 
Let  F be  a strongly regular graph (SRG)  w i th  parameters  k, 2, and  # (i.e., 
F is ne i ther  empty  nor  complete ,  every  ver tex  o f  F has  va lency  k, and ,  
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given any two vertices x and y, there are exactly 2 resp. # vertices adjacent 
to both x and y, depending only on whether x and y are adjacent); see 1-5] 
for background on strongly regular graphs. F is called non-trivial if both F 
and its complement are connected (which means that neither of them is a 
disjoint union of complete graphs); in terms of the parameters, this requires 
# ¢ 0 and # ¢ k. The parameters of F are connected by the following well- 
known equation: 
k 2 = #v + (2 - #)k + (k - #), (1.1) 
where v denotes the number of vertices of F. In what follows, we also use 
the parameters v,k, fl, and A, where 
fl :=2-# and A :=f i2+4(k -#) ;  (1.2) 
clearly, 2 and # can be recovered from fi and A. Note that - ~  < fl < 
-2 ;  moreover, F is non-trivial if and only if 
- ,~< f l< ~/A-2 .  (1.3) 
In this note, we are concerned with the classification problem for SRG's 
with fl = - 1. While it is known 1-3] that there are only finitely many such 
graphs for any fixed value of 2, there is no hope of solving the problem in 
this generality. For instance, even for 2 = 1, the existence of such a graph 
is still undecided for the (feasible) case of valency k = 57, cf. [-5, p. 46]. We 
add a strong assumption on the automorphism group of F; i.e., we assume 
that F is a Cayley graph based on an abelian group; this allows us to 
obtain a rather satisfactory (although still not quite complete) classification 
theorem concerning the possible parameters. 
Recall that a Cayley graph may be defined as a graph F = (V, E) which 
admits an automorphism group G acting regularly on the vertex set V; one 
also calls G a Singer group for F. It is well known that any strongly regular 
Cayley graph can be described in group theoretic terms as follows. The 
vertices of F can be identified with the elements of the Singer group G, and 
adjacency can be defined in terms of a suitable k-subset D of G via 
x~y~xy- l~D,  (1.4) 
where D is actually a partial difference set (PDS). This means that the list 
of "differences" cd- 1 (with c, d~ D, c ~ d) contains each element g ~ 1 of G 
either 2 or # times, depending on whether or not g belongs to D. (We write 
G multiplicatively, since this is the usual notation in practically all papers 
dealing with PDS's.) Note that D = D-1  (where D 1 denotes the set of 
inverses of the elements in D), since F is not directed, and 1 CD, since F 
has no loops. (One may also consider a more general version of PDS's 
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where one does not require these conditions; however, this is of no interest 
in the graph theoretic context.) We refer the reader to Ma [,12] for 
connections between SRG's, PDS's, and other interesting objects, in 
particular Schur rings. 
The main result of the present paper is as follows. 
1.1. THEOREM. Let F be a strongly regular Cayley graph based on an 
abelian group G, with parameters v, k, 2, and # satisfying fl = 2 - # = - 1. 
Then, up to complementation, I" is either of  Paley type (i.e., it has parameters 
of  the form (v, (v -1 ) /2 ,  (v -  5)/4, (v -  1)/4)) or it has parameters (243, 22, 
1, 2). 
Regarding existence, we note that a strongly regular Cayley graph of 
Paley type is known whenever v is a prime power congruent to 1 modulo 
4: just take F as the well-known Paley graph on v points. While there are 
many further examples with the same parameters (see, for instance, 
[-1, Construction 7.6]), it is an open problem whether any other 
parameters occur. As for the sporadic ase, a strongly regular Cayley graph 
with parameters (243, 22, 1, 2) was constructed by Berlekamp et al. [-3] 
(with respect o the elementary abelian group of order 243 = 35) by using 
the perfect ernary Golay code. 
The proof of Theorem 1.1 makes use of the representation f F in terms 
of a PDS. It combines a recent results on the structure of partial difference 
sets with some results concerning diophantine quations; these requisites 
are collected in Section 2. The proof of Theorem 1.1 is then carried through 
Section 3. As we point out in Section 4, Theorem 1.1 is also of interest o 
design theory, since it has applications to the theory of divisible difference 
sets. In fact, it allows us to improve previous classification results con- 
cerning abelian DDS's satisfying k -21  = 1 and reversible abelian DDS's. 
We conclude this note with some questions and remarks in Section 5. 
2. PRELIMINARIES 
In this section, we gather all results required to give the proof of 
Theorem 1.1 in Section 3. We begin with three results on partial difference 
sets. The first of these combines Lemma 4.5 of [-2] with Theorem 6.2 
of [11], the second one is Corollary 5.5 of [,11], while the final result 
combines Theorems 4.1 and 4.4 of [15], respectively. 
2.1. LEMMA. Let D be an abelian (v, k, 2, I~)-PDS satisfying f l=-  1. 
Then v is odd and A divides v. Moreover, every prime divisor of  v also 
divides A. 
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2.2. TI-mOREM. Let D be an abelian (v, k, 2, #)-PDS, and assume that A 
is not a perfect square. Then D is of Paley type; more precisely, D has 
parameters 
p2s+a 1 p2S+l_ 5 p2S+l--1) 
p2s+a (2.1) 
' 2 ' 4 ' 4 ' 
where p & a prime congruent o 1 modulo 4. 
2.3. THEOREM. Let D be a non-trivial abelian (v, k,/t, #)-PDS in G, 
assume that A is a square, say A = 62. I f  H is a subgroup of G such that 
([HI, ]G/H[)=I and [G/HI is odd, then O l=OnH is a PDS in H with 
parameters 
Va = IHI; /31 =/3 -  20rc; As ==2 
kl = ½ [(Vl + fia) ~ ~(Y1 + ill) 2 -- (dl -- fiE1)(Ya -- 1)], 
where rc=gcd(IHI, 6) and 0 is the integer satisfying (20-1) rc<f l<  
(20+ 1)z. Moreover, i f  Da¢(~5, DI#H\{1} and if 6=prTz, where p> 5 is 
a prime and z > 1 is relatively prime to p, then either r is even and 0 - 0 
(modp - 1) or r is odd 0 =- (p - 1)/2 (mod p - 1). 
Next, we collect the number-theoretic results we need. The first of these is 
both well known and easy to prove. 
2.4. LEMMA. Let s, t, and z be positive integers. Then one has 
gcd(z s -  1, z t -  1) = z g°d(" o 1. 
We also require the following three results concerning diophantine 
equations; these are due to Ljunggren [10], Chao [6], and Bumby [4], 
respectively. 
2.5. THEOREM. The only integer solutions of (x n -  1)/(x-- 1 )=y  2 (n>2) 
are (n ,x ,y )=(4 ,  7, _+20)and(5,3, i l l ) .  
2.6. THEOREM. The only integer solutions of x n + 1 = y2 (n > 1, xy ¢ O) 
are (n ,x ,y )=(3 ,2 ,  ___3). 
2.7. THEOREM. The only integer solutions of 3X 4 - -272--  1 are (x, y )= 
(+ l ,  +_-1)and(+_3, i l l ) .  
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3. THE MAIN RESULT 
In this section, we give the proof of Theorem 1.1. For any SRG with 
f l= -1 ,  Eq. (1.2) gives 
A = 1 + 4(k -  #). (3.1) 
Using this to eliminate # from Eq. (1.1) yields the condition 
and thus 
( k 2= k-  v -k+A'~ 
k= (v -  1)_+ x / (v -  1)(v-  A) 
2 (3.2) 
proving that (v -1 ) (v -A)  is a square. 
From now on, we use the hypothesis that F is actually a Cayley graph 
based on an abelian group G. As explained in the introduction, we exploit 
the equivalence between strongly regular Cayley graphs and partial dif- 
ference sets. Thus let D be the corresponding (v, k, 2, #)-PDS in G. By 
Theorem 2.2, we may assume that A is a perfect square. Since A divides v 
by Lemma 2.1, the preceding observation on (v -1 ) (v -A)  implies the 
following condition: 
(v -1 ) (  A -  1) is  a perfect square. (3.3) 
Let us first consider the case where v is a prime power, say v=p t and 
A=p zr. If we have t=2r, i.e., A=v, we obtain k=(v -1) /2  and 
~= (v-1) /4  from (3.1) and (3.2); then D is of Paley type, and we are 
finished. Thus we may henceforth assume that 2r < t. Then condition (3.3) 
shows that (pt_  1)(pt-2r_ 1) is a perfect square. Writing s := t -2 r  and 
using Lemma 2.4, we obtain the condition 
pt_  1 pS_ 1 
and are perfect squares. (3.4) pgcd(s, t) __ 1 pgcd(s,  t) __ 1 
We first assume t/gcd(s, t) > 2. Then Theorem 2.5 gives (t/gcd(s, t), pgcd(s. O) = 
(4, 7) or (5, 3). In the first case, we get gcd(s, t )= 1 and t=4,  which is 
impossible since s = 4 -2r  cannot be relatively prime to 4. In the second 
case, we get p=3,  t=5,  gcd(s, t )= 1 which yields the solution (v, A)= 
(243, 81) and hence 
(v, k, 2, #) = (243, 22, 1, 2) or (243,220, 199, 200), 
NOT~ 121 
i.e., the sporadic case of Theorem 1.1. It remains to consider the case 
t/gcd(s, t )=  2. Since s < t, we have s/gcd(s, t )=  1. Hence t= 2( t -2 r )  and 
therefore t = 4r and gcd(s, t) = 2r, i.e., 
p tm 1 
pgcd(s,t)__ 1 _p2r + 1. (3.5) 
By Theorem 2.6, p2r+l  cannot be a perfect square, and thus (3.5) 
contradicts (3.4). This finishes the case where v is a prime power. 
From now on, assume v = rnn, where rn and n are relatively prime, and 
let G be the ~lirect product of two subgroups H and K of orders m and n, 
respectively. By Theorem 2.3, D induces partial difference sets D1 = D c~ H 
and D2 =DecK.  Let us compute the parameters of D1 (according to 
Theorem 2.3). We have A I=~ 2, where ~=gcd(m,  6), and 0=0,  since 
/~=-1 ;  hence also / / t=-1 .  Note that we may actually write A I= 
gcd(m, A), since A =62 divides rnn. Thus the parameters of D 1 are 
v l=m;  /~1=-1 ;  Al=gcd(m,A) ;  
k l  = i [ - (~i  - -  i )  --~ 4( I~ i  - -  l ) ( l~ 1 - -  A 1 ) I .  
(3.6) 
Note that D 1 iS non-trivial. Suppose otherwise; since /31 = -1 ,  we obtain 
A1 = 1 from (1.3). But this means gcd(m, A) = 1, contradicting Lemma 2.1. 
Of course, the analogous results hold for D2. 
We now show that D is of Paley type if and only if both D1 and D2 are 
of Paley type. To see this, one observes that an SRG with /~ = -1  is of 
Paley type if and only if one has A = v; this is an easy consequence of 
Eq. (3.1) and (3.2). If D is of Paley type, then (3.6) shows Al=Vl  and 
hence D1 (and similarly D2) is of Paley type. Conversely, assume that both 
D 1 and D 2 are of Paley type. Then we have gcd(m,A)=Al=m and 
gcd(n, A )= A 2 = n which forces A = mn = v, and D is of Paley type. 
Henceforth, assume that D is not of Paley type; we have to show that 
this case is impossible. We may apply Theorem 2.3 inductively to obtain a 
partial difference set D s with/~s = - 1 in every Sylow subgroup S of G. By 
the preceding remarks, at least one of these sub-PDS's is not of Paley type. 
But we have already seen that a PDS with /~ = - 1 in a group of prime 
power order which is not of Paley type has (up to complementation) 
parameters (243, 22, 1, 2). Hence 
35 I1 v and 34 II A, (3.7) 
where the notation pX [[ z means that pX divides z, but pZ+ 1 does not. We 
may assume without loss of generality that v has exactly two distinct prime 
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divisors, say v = 35p t (where p4  3). Then the intersection of D with the 
Sylow p-subgroup of G must be of Paley type; i.e., it has parameters 
( pt, P t -12 ' Pt - , pt 4 1). (3.8) 
Now (3.6) and (3.7) show A = 34p t, and condition (3.3) becomes 
2(35p t -  1) is a perfect square. (3.9) 
Since A is a square, t is even, say t = 2r. Note that the assumptions of the 
final assertion of Theorem 2.3 are satisfied; thus r is even, say t = 4u. Hence 
(3.9) gives 
2(35p 4u-  1)= z 2 for some integer z. (3.10) 
Note that z is even, say z = 2y. Thus (3.10) can be written as 
3(3pU) 4 -- 2y 2 = 1, 
contradicting Theorem 2.7. This finishes the proof of Theorem 1.1. 
4. APPLICATIONS TO DIVISIBLE DIFFERENCE SETS 
As mentioned in the Introduction, partial difference sets with /? = -1  
have some interesting applications in the theory of divisible difference sets. 
Let us recall the required definitions. A divisible difference set (DDS) with 
parameters m, n, k, 21, and 22 in a group of G of order mn relative to a nor- 
mal subgroup N of order n is a k-subset D of G such that every element 
g~G\N has exactly /~2 representations as a "difference" g=de 1 with 
d, e ~ D and every g ~ 1 in N has exactly 21 such representations. It is well 
known that a DDS is equivalent o a symmetric divisible design that 
admits a normal Singer group; for more on this, see [8]. A divisible 
difference set D is called reversible if one has D = D 1 
Divisible difference sets satisfying k -  21 = 1 were investigated in [1, 2]. 
In particular, it was shown in [2, Theorem 4.3 ] that any abelian DDS with 
k - 21 = 1 either has (up to complementation a d equivalence) parameters 
(q,n, l+n(q -1) /2 ,  n(q-1) /2,  l+n(q -3) /4 ) ,  (4.1) 
where q = 3 (mod 4) is a prime power, or is reversible. One can construct 
examples for the parameters in (4.1) for all values of n and q; see [2, 
Lemma 4.2]. In the reversible case, the existence question reduces to that for 
abelian partial difference sets; the following result is [ 1, Proposition 7.3 ]. 
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4.1. LEMMA. Let G be an abelian group with a subgroup N of order 2,/et 
H = G/N, and let q) be the natural epimorphism (~: G ~ H. Also, let U be a 
partial difference set with parameters (m, h, 2, 2 + 1 ) in H. Then 
O := q~-l(U) vo {1} (4.2) 
is a proper reversible (m, 2, 2h + 1, 2h, 22)-DDS in G with respect to N. 
Moreover, up to complemention and equivalence, very non-trivial reversible 
divisible difference set with k -  21 = 1 arises in this way. 
An application of Theorem 1.1 thus yields the following improvement of 
the results of [2]. 
4.2. THEOREM. Let D be a non-trivial (m, n, k, k -1 ,  22)-DDS in an 
abeIian group G with respect to a subgroup N. Up to complementation a d 
equivalence, D either has parameters (4.1) or D is reversible and has 
parameters 
(243, 2, 45, 44, 4) (4.3) 
or  
(m, 2, m, m-  1, (m - 1)/2). (4.4) 
The last case arises if and only if G/N contains a partial difference set of 
Paley type; if m is a non-square, one has 
m =p2S+ 1, where p is a prime congruent o 1 modulo 4. (4.5) 
Reversible divisible difference sets have been studied extensively in recent 
years, see [13, 1,9]. The parameters k -21  and k2-22mn [=k-21+ 
(21-  22)n] play an important role in the study of divisible difference sets 
(and, more generally, symmetric divisble designs); they are analogous to 
the order k -  2 of a symmetric (v, k, 2)-design. For a reversible DDS D, 
these two parameters tend to be squares. Actually, at least one of the two 
parameters always is a square (by a result of [13]). By Theorem 3.2 of 
[9], k 2 - )~2mn is a non-square if and only if k -  )L 1 ~-  1 and we are in the 
situation described in (4.4) with the restriction (4.5). Here our main 
theorem does not give any further restriction. However, it can be used to 
improve another esult of [9]. There it was shown that any reversible DDS 
D in an abelian group G which has a cyclic Sylow 2-subgroup either 
satisfies k -21  = 1 and is constructed as in Lemma 4.1 or has m = 4 and is 
known. Combining our Theorem 4.2 with Theorem 5.4 of [9], we get the 
following result. 
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4.3. THEOREM. Let D be a non-trivial reversible (m, n, k, 21, )Lz)-DDS in 
an abelian group G which has a cyclic Sylow 2-subgroup S. Up to com- 
plementation and equivalence, D is either constructed from a partial 
difference set wit fl = - 1 as in Lemma 4.1 (and thus has parameters (4.3) 
or (4.4)), or 
D= (H\{1 })w (N\{1 }), (4.6) 
where H is the subgroup of order 4 of S. In this case, D has parameters 
(4, n, n + 2, n - 2, 2). (4.7) 
5. CONCLUSION 
In view of our results, the following two questions concerning strongly 
regular Cayley graphs of Paley type are of interest. First of all, can there 
be any such graph based on an abelian group G of order v, where v is not 
a prime power? And, second, if v is a prime power, does G have to 
be elementary abelian? The only known restriction is provided by the 
following results due to [9, 14]: If v =p2~+ 1, where p is a prime congruent 
to 1 modulo 4, then the exponent of G cannot exceed p~+l; similarly, if 
v =p2~ for some odd prime p, then the exponent of G cannot exceed p~. 
Finally, we want to point out that our results indeed require the assump- 
tion that F is a Cayley graph (based on an abelian group). Many examples 
of SRG's with /~ =-  1 are known when we do not require any group 
action; in particular, one has more examples of Paley type (where v is not 
a prime power) and also the series of parameters 
v=4s2+4s+2,  k=2s2+s,  2----$2-- 1, #=S 2 , (5.1) 
which are known to exist whenever 2s + 1 is a prime power (see, e.g., [5, 
p. 40]). Recently, de Resmini and Jungnickel [7] studied SRG's on an 
even number of vertices, say v = 2n, admitting an automorphism group H 
of order n which has two orbits on the set of vertices. In particular, these 
authors gave some examples of such "semi-Cayley" SRG's with /3 = -1 :  
the Hoffman-Singleton graph and graphs with parameters (5.1) for all 
s _< 4. In view of the large abelian automorphism groups of these examples, 
we conclude that our results indeed seem to require the full strength of the 
hypothesis that / "  is a Cayley graph. 
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